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B pa6oTe paccMaTpHBaeTCH Heo6xojj,HMoe h flocTaTOHHoe ycjiOBHe Toro, hto 
BbinyKjibift MeTbipexyrojibHHK ABCD hbjihctch BnncaHHbiM (ero BepniHHbi 
jie>KaT Ha oflHofi OKpy^KHOCTn). YcjiOBHe (popMyjinpyeTCH b TepMimax jj,jihh 
ctopoh h flHaroHajien neTbipexyrojibHHKa. 06o3HanHM 

AB = a, BC = b, CD = c, DA = d, AC = p, BD = q. 

H3BecTHO KjiaccHnecKoe ycjiOBHe ilTOjieMen: 

C^a, 6, c, d,p, q) = f ac + bd — pq = 0. (0.1) 

(ByKBa C — ot aHrjiHftcKoro cyclic — BnHcaHHbift. HHfleKC 2 o6o3HanaeT 
CTeneHb ojj,hopojj,hocth nojiHHOMa.) HoBoe ycjiOBHe 3ajj,aeTCH oflHopoflHbiM 
nojiHHOMOM TpeTbefi CTeneHH 

63(0, 6, c, p, q) = abp — bcq + cdp — daq = 0. (0.2) 

OyHKUHfl C2 Bcerfla HeoTpHna/rejibHa. B OTjinnne ot Hee, 3Hax (pyHKHHH C3 
onpefleji5ieT, jiexHT jih TOHKa D BHyTpn hjih BHe OKpy^KHOCTH ABC . TaKoii 

KpHTepHft M0JK6T 6bITb nOJie3eH B npHJIO)KeHH5IX. 

,HoKa3aTejibCTBO flocTaTOHHOCTH ycjiOBHe ( 10.21) . HaftfleHHoe aBTopoM, — He- 
9JiGMeHTapHO h oneHb rpoM03flKO. Mbi noKa3biBaeM, hto HeKOTopan cncTeMa 
nojiHHOMnajibHbix ypaBHeHHii He HMeeT penreHHii b o6jiacTH flonycTHMbix 3Ha- 
neHHH nepeMeHHbix. Cyro,ecTBeHHOH nacTbio jj,OKa3aTejibCTBa hbjihctch jio- 
KajibHbiii aHajiH3 CHCTeMbi b6jih3h rpaHHiibi o6jiacTH. 

IlpoBepKa Bcex BbiKjiaflOK HacTOHineft pa6oTbi BpynHyio, 6e3 Hcnojib30- 
BaHHH CHCTeMbi KOMnbioTepHoft ajire6pbi (h Hcnojib30Baji Maple), Bpnjj, jih 
B03MC0KHa. Bojiee Toro, BbiflejieHne BeTBeii peineHHH Bejj,eT k Heo6xojj,HMOCTH 
pa3penreHHH oco6eHHOCTeii h MHoroHHCjieHHbiM cjiynanM h noflCjiynaHM. AHa- 
jih3 HeKOTopbix Bbipco-KfleHHbix cjiynaeB (cm. n. 5.1 h 6.1) eine Tpe6yeT 3aBep- 

HieHHH H 3JJ,eCb He npHBOflHTCH. 

B.n. BapHH npejj,jio>KHji 3HaHHTejibHO 6ojiee npocToe jj,OKa3aTejibCTBO (no- 
BHflHMOMy, flonycKaiomee npoBepxy BpyHHyio), ocHOBaHHoe Ha otkpmtom hm 
3aMenaTejibHOM TO^KflecTBe, CB5i3biBaioiHeM BejiHHHHbi C2 h C3. B onpaBflaHne 
nojjxofla, Hcnojib3yeMoro 3Jj,ecb, yKa»:eM Ha ero yHHBepcajibHOCTb (cjj,ep>KHBa- 
eMyio HeflOCTaTOHHoft pa3BHTOCTbio nporpaMMHoro oGecneneHHH jijih aHajiH3a 
oco6eHHOCTeii MHoroMepHbix ajireGpannecKHx ypaBHeHHii). 
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C 




A 

Phc. 1 



§ 1. KpHTepnn IlTOJieMea 

TeopeMa 1. (A) J^aji ato6ozo uemupexyzojibHUKa ABCD UMeem Mecmo 
Hepaeencmeo 

ac + bd> pq. (1.1) 

(B) Hepaeencmeo ( 11.11 ) o6paiu j aemcA e paeencmeo mozda u mojitKO mozda, 
Kozda uemupexyzojibnuK ABCD enucannuu. 

CTporo roBop5i, IlTOJieMeK) npHHafljie>KHT nacTb mozda yTBep:>Kjj,eHH5i B. 

IlpHBefleM ccbijiKH Ha Tpn 9jieMeHTapHbix jj,OKa3aTejibCTBa, HaftfleHHbie b 
jierKO flocTynHoft jiHTepaType: 

1) ^OKa3aTejibCTBO, ocHOBaHHoe Ha HepaBeHCTBe TpeyrojibHHKa jj,jih ne/iajib- 
Horo TpeyrojibHHKa h ycjiOBHH Bbipo>Kjj,eHHH 9Toro TpeyrojibHHKa b OTpe30K 
npHMoft CnMCOHa 0, tji. 2, § 5-6]. 

2) ,UpKa3aTejibCTBO, ocHOBaHHoe Ha npeo6pa30BaHHH HHBepcnH [3], 3ajj,ana 
28.24. 

3) ^OKasaTejibCTBO, Hcnojibsyromee KOMnjieKCHbie HHCJia |4j, iIpHjio)KeHHe 1. 
IlocjieflHee jj,OKa3aTejibCTBO oco6eHHO npocTO, noaTOMy no3BOjiHM ce6e boc- 

npOH3BeCTH erO. OTO)KJJ,eCTBJI5I5I BeKTOpbl Ha njIOCKOCTH C KOMnjieKCHblMH HHC- 

jiaMH h noMeman TOHKy A b Hanajio KOopjjHHaT, HannnieM 

AB = z h AC = z 2 , AD = z 3 , 
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Tor^a 

BC = z 2 - zi, CD = z 3 - z 2 , BD = z 3 - z±, 
h npoH3BefleHH5i, ynacTByioiirHe b TeopeMe IlTOJieMefl, 3arracbiBaiOTC5i b BH,o,e 

ac = | Z1Z3 — Z1Z2 1, bd = \z2z3 - Z1Z3 1, pq = \z2z3 - z\Z2\. 

HepaBeHCTBO ( 11.11 ) npeflCTaBjineT co6oh HepaBeHCTBO TpeyrojibHHKa fljiH Tpofi- 
kh BepniHH z±z 2 , Z\Z$, Z2Z3. Oho oGpainaeTca b paBeHCTBO Tor^a h TOJibKO 
Torfla, Korfla TOHKa Z2Z3 jiokht Ha OTpe3Ke, coe-flHHHioiHeM Z1Z2 h z\z 3 . 3to 
ycjiOBne Bbipa>KaeTCH (popMyjiofi 

arg [z\Z2 - z 2 z 3 ) = arg {z x z 2 - z\z£). 

ripeo6pa3yeM ero k BHfly 

arg Z2 - arg z 1 = arg (z 2 - z 3 ) - arg (z x - z 3 ) 

h nepennuieM b reoMeTpHnecKHx oGoHaneHKHx 

LBAC = LBDC. 

IlojiyHHjiocb ycjiOBne paBeHCTBa yrjiOB, onnparoirrHXCH Ha OflHy h Ty >Ke cto- 
poHy (BC) Hauiero neTbipexyrojibHHKa, T.e. ycjiOBne BnncaHHOCTH. ■ 

§ 2. AjireSpanMecKoe ^OKa3aTejn>CTBO TeopeMbi 1 
(MeTO/i, rpySofi chjim) 

2.1. IIpocTpaHCTBO BbinyKjibix neTbipexyrojibHHKOB 

MHO^KecTBO Bcex HiecTepoK (a, 6, c, <i,p, q), cooTBeTCTByroiHHx BbinyKjibiM He- 
Bbipo>KfleHHbiM neTbipexyrojibHHKaM, o6pa3yeT nHTHMepHoe noflMHoroo6pa- 
3ne Q, JiOKainee b nojiO)KHTejibHOM rnnepoKTaHTe npocTpaHCTBa napaivteTpoB 
R 6 . Ero 3aMbiKaHHe Q — MHoroo6pa3He c KycoHHO-rjiaflKHM KpaeM. 

MHoroo6pa3He Q flonycKaeT yfloGrryio rjio6ajibHyio napaMeTpH3anHio. 

06o3HaHHM TOHKy nepeceneHHfl flnaroHajieft AC h BD nepe3 O. BBefleM 
nHTb He3aBHCHMbix napaivteTpoB (cm. Phc. 1) 

OA = x, OC = u, OB = y, OD = z, cos LAOB = t, (2.1) 

nOflHHHCHHblX OrpaHHHeHH5IM 

x > 0, u > 0, y > 0, z > 0, -1 < t < 1. (2.2) 



^jihhm ctopoh h flHaroHajieft flaiOTca BbipajKeHHHMH 

a 2 = x 2 + y 2 — 2xyt, 
b 2 = u 2 + y 2 + 2m/t, 



c 2 = u 2 + z 2 — 2uzt, 



(2.3) 



d 2 = x 2 + z 2 + 2x^, 
p = X + u 
q = y + z. 

YpaBHeHHfl ( 12.31 ) onncbiBaiOT B3aHMHO-oflH03HaMHoe OTo6pa>KeHHe o6jiacTH 
( 12.11) H3 R 5 Ha Q C R+. HenocpeflCTBeHHoe onncaHHe MHoroo6pa3HH Q 
Kax noflMHO^cecTBa b R+ b TepMHHax a, . . . , q ropa3flo 6ojiee 3aMBicjiOBaTO. 
IlpHBefleM ero fljia cnpaBKH. OnncaHHe coctoht H3 oflHoro ypaBHeHHH h He- 
CKOJibKHx HepaBeHCTB (HepaBeHCTBa TpeyrojibHHKOB, ycjic-BHH nojico-KHTejib- 

HOCTH flJIHH H HepaBeHCTBa, OTBeHaiOHJ,He 3a BbinyKJIOCTb) . 

HeTbipexyrojibHHK ecTb Bbipo^KfleHHbiii cjiynaii TeTpasflpa, Kor^a Bee Bep- 
niHHbi jie»caT b oflHoii njiocKOCTH. OG^eM V TeTpaa^pa co CTopoHaMH a, 6, c, 
d, p, q flaeTCH onpedejiumejieM Ksjiu-Memepa pD, n. 9.7.3] 
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1 1 

a 2 



P 



1 1 

2 d 2 



1 a 2 b 2 q 2 
c 2 
2 



1 p b 2 
1 d 2 q 2 c 



(2.4) 



(06 hctophh (popMyjibi oGb.eMa TeTpaa^pa cm. [S].) PacKpbiBan onpeflejiHTejib, 
nojiy^HM ypaBHeHHe HeTbipexyrojibHHKa b hbhom BHfle 

a 4 c 2 + a 2 c 4 + b A d 2 + b 2 d A + A 2 + p 2 q A + 
+ (abp) 2 + (6cg) 2 + (cdp) 2 + (daq) 2 — 

— (abc) 2 — (abd) 2 — (acd) 2 — (acp) 2 — (acq) 2 

— (bed) 2 — (bdp) 2 — (bdq) 2 — (bpq) 2 — (cpq) 2 
= 0. 



(apq) 2 - 
(dpq) 2 



(2.5) 



K STOMy ypaBHeHHio floGaBjiHiOTCH ynoM5iHyTbie HepaBeHCTBa, nacTb H3 koto- 
pbix OMeBHflHa 

a > 0, b > 0, c> 0, d > 0, p > 0, g > 0, 

|a — b\ < p < a + 6, |c — d| < p < c + d, (2.6) 

|6 — c| < q < b + c, |a — <i| < q < a + d 



HepaBeHCTBa, OTBenaioiHHe 3a BbinyKjiocTb, He CTOJib TpHBnajibHbi. IIpH 3a- 
flaHHbix a, 6, c, d, p nocTpoHM TpeyrojibHHKH ABC h ADC Ha o6ineM oc- 
HOBaHHH AC. BepniHHbi B h D MoryT jie:>KaTb jih6o no pa3Hbie ctopohm ot 
npnMoft AC , jih6o no OflHy CTopoHy (Pnc. 2). HaftfleM q = BD H3 nocTpoeHHon 
KOH(pHrypau,HH. 





Phc. 2 



Phc. 3 



B o6ohx cjiynanx ycjiOBHH ( 12.51 ) h ( 12.61 ) BbinojiHeHbi. HepaBeHCTBO, OTjinna- 
roinee BbinyKjibiH neTbipexyrojibHHK ABCD ot HeBbinyKjioro AB'CD : 

LBAD > LCAD. 

Hcnojib3yH TeopeMy KOCHHycoB, nepennnieM sto ycjiOBne b BHfle 



a 2 + d 2 — g s 



= 2 cos IB AD < 2 cos ICBD = 



,2 i ^2 ^2 



ad ap 
ripHBOfl5i flpo6n k o6ineMy 3HaMeHaTejno, nojiynHM nojinHOMnajibHoe Hepa- 
BeHCTBO. Oho eine He rapaHTnpyeT BbinyKjiocTH neTbipexyrojibHHKa ABCD. 
Heo6xoflHMO ,o,o6aBHTb HepaBeHCTBO, HCKjironaioiHee cjiynaii, Kor^a tohkh A 
h C jie»:aT no OflHy CTopoHy ot npHMOH BD. flpyx HepaBeHCTB Bee eine 
HeflocTaTOHHO. HanpnMep, cncTeivia HepaBeHCTB 

LB AC < LBAD, LABD < LABC 

flonycKaeT KOHcpHrypannio (neTbipexBepHiHHHHK) c HenpaBHjibHbiM nopnflKOM 
BepniHH (Phc. 3). Tpex HepaBeHCTB 

LB AC < LBAD, LABD < LABC, LCBD < LABC 

y>Ke flocTaTOHHO ajih xapaKTepH3anHH BbinyKjibix HeTbipexyrojibHHKOB T.e. k 
( 12.61 ) flo6aBjiHK)TC5i HepaBeHCTBa 

p (a 2 + d 2 - q 2 ) < d (a 2 + p 2 - b 2 ), 

q {a 2 + b 2 -p 2 ) < a {b 2 + q 2 - c 2 ), (2.7) 

q (a 2 + 6 2 -p 2 ) < b (a 2 + q 2 - d 2 ). 
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Mc»kho jih ynpocTHTb ycjiOBHA BbinyKJiocTH — yMeHbniHTb hhcjio HepaBeHCTB 
hjih noHH3HTb hx CTeneHb (fla>Ke yBejiHHHB hx KOjinnecTBo) , npnHHMaa bo 

BHHMElHHe ( 12.61 ). — 51 He 3HaK). 

2.2. IIpocTpaHCTBO BnncaHHbix neTbipexyrojibHHKOB 

IIJecTepKH fljiHH ctopoh h flHaroHajieft enucannux neTbipexyrojibHHKOB o6pa- 
3yiOT noflMHoroo6pa3He C C Q Kopa3MepHOCTH 1. B KoopflHHaTax x, . . . , t oho 
onncbiBaeTCH npocTbiM ypaBHeHHeM BTopoft CTeneHH 



(9jieMeHTapHa5i Teopeivta: TpeyrojibHHKH AOB h COD noflo6Hbi no flByM 
yrjiaM LAOB = LCOD h LOAB = LODC Tor^a h TOjibKO Tor^a, Kor^a 

TOHKH A, B, C, D Jie^KBT Ha OflHOH OKpy)KHOCTH.) 

C flpyrofi ctopohm, nacTb B TeopeMbi IlTOjieMeH yTBep^KflaeT, hto b Koop- 
flHHaTax a, . . . ,q noflMHoroo6pa3He C BbiflejineeTCH b Q ycjiOBHeM ( 10.11) . IJejib 
9Toro nyHKTa — ycTaHOBHTb 3KBHBajieHTHOCTb ( 10.11 ) h ( 12.81) ajire6paHHecKH. 

3aOflHO Mbl flOKKJKeM H HepaBeHCTBO ( 11.11) . 

Bbipa3HB a, . . . , q H3 ( 12.31) h noflCTaBHB b ( 10.11) . nojiy^HM Bbipa»:eHHe, coflep- 
>Kam,ee KBaflpaTHbie kophh. ^OMHO^Kaa Ha conpnjKeHHbie Bbipa>KeHH5i, H36a- 
BHMC5I ot HppanHOHajibHOCTeft h nojiynHM 

C2 • (ac — bd — pq) (ac + bd + pq) (ac — bd + pq) = 

-4u A x 2 z 2 + Ax A u 2 z 2 t 2 + 32x 2 y 2 u 2 z 2 + Ay A u 2 zH 2 + Ax 2 y 2 t 2 u A + Ax 2 yH 2 z A 
—Ax 2 y 2 z A — 4y 4 u 2 z 2 — 4x 2 y 2 u 4 — 4x A u 2 z 2 — 4y 4 x 2 z 2 — 4u 2 y 2 z 4 — 4u 2 y 2 x A 
-32x 2 y 2 u 2 z 2 t 2 + 16x 3 yt 2 u 3 z - 8x 3 yt 2 z 3 u - 8y 3 xt 2 u 3 z + 16y 3 xt 2 z 3 u 
+Au A x 2 z 2 t 2 + Ay A x 2 zH 2 + Au 2 yH 2 x A + Au 2 yH 2 z A + 8x 3 uy 3 z + 16x 3 uy 2 z 2 
+8x i uyz 3 + 16x 2 u 2 y 3 z + 16x 2 u 2 yz 3 + 8xu 3 y 3 z + 16xu 3 y 2 z 2 + 8xu 3 yz 3 
+8x 3 u 3 z 2 t 2 + 8y 3 u 2 z 3 t 2 + 8x 3 y 2 t 2 u 3 + 8x 2 y 3 t 2 z 3 - 8x 2 u A yz - 8x A u 2 yz 

— 16x 3 u 3 yz — 8y A z 2 xu — 16y 3 z 3 xu — 8y 2 z A xu — 8u 3 yt 2 z 3 x — 8y 3 ut 2 x 3 z 
-8x 3 u 3 y 2 - 8x 3 u 3 z 2 - 8x 2 z 3 y 3 - 8y 3 z 3 u 2 - 16y 2 u 3 z 2 t 2 x + 8y 4 uz 2 t 2 x 

— 16y 3 u 2 zt 2 x 2 + 8x 2 yt 2 u 4 z — 16x 3 uz 2 t 2 y 2 + 8x A u 2 zt 2 y — 16x 2 u 2 z 3 t 2 y 
+8xy 2 t 2 z A u. 

B flajibHeftnieM rpoM03flKne nojiHHOMbi, B03HHKaiOHj,He b BbiHHCjieHH5ix, He 

BbinHCbIBaK)TC5I 5IBHO. Te H3 HHX, KOTOpbie HCnOJIb3yK)TC5I JIHHIb JIOKajIbHO, 

b npeflejiax KOHKpeTHoro 9Tana paccy>KfleHH5i, o6o3HaHaiOTC5i Pfc, r^e k — 



Cycl(x,y,z,u,t) = xu — yz = 0. 
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o6m,a5i CTeneHb. Tax, Ha30BeM npHBefleHHbift Bbime MHoronjieH P\q. (Ero 
coflep^KaTejibHaa xapaKTepH3au,H5i KaK rjiaBHoro MHHopa onpeflejiHTejia Ksjih- 
MeHrepa (12.41) [H n. 9.7.3.8] 3flecb He Hcnojib3yeTC5i.) 

KoMnbiOTepHaa (paKTopH3au,H5i npnBOflHT k npocTOMy pe3yjibTaTy, koto- 
pbift 3anHiiieM b CMeniaHHbix nepeMeHHbix, CB5i3aHHbix cooTHOineHHAMH ( 12.31 ). 

Pio(x, y, x, u,t) = - 4(1 - t 2 )p 2 q 2 (xu - yz) 2 . (2.9) 

IloCKOJIbKy 

{l-t 2 )p 2 q 2 >0, (2.10) 

to ( 10.11) BjieneT ( 12.81) . ,HpKa3aHO yTBep^Kflemie moAtKo mozda TeopeMbi 1 (B). 

npeflnojico-KHM, hto HepaBeHCTBO ( 11.11) HeBepHO fljra HeKOToporo neTbipex- 
yrojibHHKa. Tor^a cymecTByeT KpHBaa 7 : [0, 1] — > Q b npocTpaHCTBe neTbi- 
pexyrojibHHKOB, Taxan, hto 6*2(7(0)) > h 6*2(7(1)) < 0, cjieflOBaTejibHO, 
cym,ecTByeT TOHKa s E (0, 1), b KOTopofi 6*2(7(5)) = 0. B cnjiy ( 12.91) h ( 12.101) . 
fljifl jiio6oro HeBbipo>KfleHHoro HeTbipexyrojibHHKa 

(ac + bd — pq)(ac + pq — bd)(bd + pq — ac) > 0. (2.11) 

Ecjih 2-ft h 3- ft coMHO^KHTejin He o6painaiOTCH b b so, to npoH3BefleHHe ( 12.111) 

MeHHeT 3HaK, HTO HeB03MO«HO. CjieflOBaTejIbHO, XOT5T 6bl flBa H3 COMHO^KHTe- 

jieft b ( 12.111) oflHOBpeMeHHO paBHbi b so- OflHaKO Tor^a neTbipexyrojibHHK 
7(so) OKa3biBaeTC5i Bbipo^KfleHHbiM. ^eficTBHTejibHO, ecjiH, HanpHMep 

ac + bd — pq = ac + pq — bd = 0, 

to ac = 0. nojiyneHHoe npoTHBopenHe flOKa3biBaeT cnpaBefljiHBOCTb HepaBeH- 
CTBa ( 11.11) . 

OcTaeTca flOKa3aTb yTBep>KfleHHe mozda nacTH B. J\jik 3Toro cjie^yeT ycTa- 
HOBHTb, hto (ac + pq — bd) h (bd + pq — ac) He MoryT (no OTflejibHOCTn) 
o6pam,aTbC5i b 0. MHoroo6pa3ne C jiHHeftHO cbh3ho: jiio6oft BnncaHHbift neTbi- 
pexyrojibHHK mwkho flecpopMHpoBaTb b jiio6oh flpyroft, BnncaHHbift b Ty me 

OKpy^KHOCTb, CflBHTOM BepiHHH BflOJIb OKpyjKHOCTH , npH KOTOpOM BepiUHHbl 

HHKorfla He cjinBaiOTcn. B k&ikror Tonxe MHoroo6pa3HH C oGpainaeTcn b 

POBHO OflHH H3 MHOJKHTejieft B ( 12.111) — HHaHe HeTbipexyrOJIbHHK 6bIJI 6bl 
BbipO>KfleHHbIM. MHOJKeCTBO Hyjieft Ka>KflOrO H3 HHX 3aMKHyTO B C. H3 CB5I3- 

hocth cjie^yeT, hto flBa H3 sthx MHOxecTB nycTbi, a ocTaBHieecn coBnaflaeT c 
C. 5Icho (h3 jno6oro npHMepa BnHcaHHoro neTbipexyrojibHHKa) , hto He nycTO 
MHO»:ecTBO Hyjieft (pyHKUHH 62, 3HanHT, (Cycl = 0) 4=> (C2 = 0). ■ 
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3. KySnHecKHH KpirrepHH BnncaHHOCTH 



TeopeMa 2. BunyKAuu HemupexyaoAtHUK ABCD MeAMemcM enucannuM 
mosda u moAtKO mozda, nozda eunoAHeno ycAoeue ( 10.21 ). Ecau C3 7^ 7 mo 

sign C3 = sign Cycl. (3.1) 

3aMenaHHa 

1. Cyw ) ecmeeHHOcm'b ycAoeuM eunyKAOcmu. B OTjiH^ne ot ycjiOBHa IlTOJieMea 
(10.11 ). ycjiOBHe (10.21) BbinojiH5ieTC5i fljra HeKOTopbix HeBbinyKJibix (h, sheimht, 
HeBinicaHHbix) MeTbipexyrojibHHKOB. B ripHjicoKeHHH BbiMHCjieHO MacTHoe 
oflHonapaMeTpHnecKoe ceMeftcTBO TaKnx MeTbipexyrojibHHKOB. 

2. 3hcik C3 onpe-flejraeT nojiO)KeHHe BepniHHbi HeTbipexyrojibHHKa c-THOCHTejib- 
ho OKpy^KHOCTH, npoBefleHHoft nepe3 Tpn flpyrne BepniHHbi. Bepc-HTHO, C3 - 
npocTeHiuaa cpyHKniiH napaivteTpoB a, . . . , q 7 oGjiaflaiOHiaH 9thm cbohctbom. 
CjieflyiomHe ycjiOBH5i paBHOCHJibHbi: 



(i) 


TOHKa 


A 


Jie>KHT BHe OKpy>KHOCTH BCD 


(") 


TOHKa 


C 


Jie^KHT BHe OKpyjKHOCTH BAD 


(iii) 


TOHKa 


B 


Jie^KHT BHyTpH OKpy>KHOCTH ADC 


(iv) 


TOHKa 


D 


Jie>KHT BHyTpH OKpy>KHOCTH ABC 


(v) 


sgn (xu - 


- yz) = sgn C 3 > 0; 



^OKa3aTejibCTBO Heo6xo/i,HMOCTH ycjiOBHH (10.21) sjieMeHTapHO. IlycTb ne- 
TbipexyrojibHHK ABCD BnncaH b OKpy>KHOCTb paflnyca R. Tor^a 

abp bcq cdp daq 

4it = 



Sabc Sbcd Scda Sdab^ 



r^e S — njioinaflb TpeyrojibHHKa. PaBeHCTBO (10.21) cjie^yeT BbipancaeT paBHO- 
cocTaBjieHHOCTb Haniero HeTbipexyrojibHHKa: 

Sabcd = Sabc + Sbcd = Scda + Sdab- ■ 



,ZJoKa3aTejibCTBO ^ocTaTOHHOCTH ropa3flo cjio>KHee. MeTOfl rpy6oii chjim 
b npocToft peflaKD,HH HeflocTaToneH: npn paniiOHajiH3aniiH ycjiOBHH C3 = 
noHBjiHiOTCH napa3HTHbie penieHHH — cm. n. 5.2. H3jio>khm njiaH flOKa3aTejib- 
CTBa. PaccMOTpHM BejiHHHHy C3 KaK (pyHKUHio nepeMeHHOH z npn cpHKcnpo- 
BaHHbix x, u, y, t. IlHHieM 



C^a, 6, c, <i, q) = F(x, y, z, it, t) c noflCTaHOBKoft (12.31) . 
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Torfla 

1. F — > — oo npn z —> oo. (IlpocTOH (paKT, JleMMa 4.1 hh^kc) 

2. F > npn 2 = 0. (ripefljio»:eHHe 4.2, Tpyzrnoe.) 

3. F = 0, Korfla TOHKa flBnrancb no Jiyny OD (MeHneM z), nona^aeT 

Ha OKpyjKHOCTb ABC. IlpH 3TOM z = z* = xu j 'y . 

OcTaeTca noKa3aTb, hto (pyHKUHH F(. . . , z) He HMeeT flpyrnx Hyjieft Ha 
(0, oo). 3to jierxo ycTaHOBHTb b nacTHOM cjiynae, ocecHMMeTpHHHbix neTM- 
pexyrojibHHKOB c nepneHflHKyjiHpHbiMH flnaroHajiHMH (JleMMa 3.1). TaKHM 06- 
pa30M, cymecTByic-T 3HaneHHH x, y, u, t, npn kotopmx (pyHKHHH F(...,z) 
HMeeT eflHHCTBeHHbiH nojio>KHTejibHbiH KopeHb. CMeHa HHCjia KopHeii mo^kct 

npOH30HTH TOJIbKO C nOHBJieHHCM KpaTHOrO KOpHH, T.e. penieHHfl CHCTeMbI 

F(x,y,z,u,t) = 0, d z F(x, y, z, u, t) = 0. (3.2) 

Ilpeflnojio>KHM, hto MHCo-KecTBO penieHnft CHCTeMbi ( 13.21) Ha Q HenycTO. 
06o3HanHM ero A4. Hsynan acHMnTOTHKH penieHHH CHCTeMbi ( 13.21) b6jih3h 
rpaHHD,bi dQ MHO»:ecTBa Q, mm HaftfleM, hto He cyinecTByeT ceMeftcTBa pe- 
nieHHH b Q, HMeroiHHx npeflejibHyio TOHKy Ha dQ. (Xoth Ha caMon rpaHnne 
ecTb MHoro penieHHH.) 9tot aHajiH3 (c npo6ejiOM, yKa3aHHOM bo BBefleHnn) 

H3JI05KeH B 3aKJIK>HHTejIbHOM § 6. 

CflejiaeM peflyKnnio no oflHopoflHOCTH n paccMOTpnM ceneHne Qi, Bbifle- 
jieHHoe b Q ypaBHeHneM 

x + y + z + u = l. (3.3) 

MHO>KecTBO A4i = A4 Pi Q\ KOMnaKTHO, nocKOJibKy ero 3aMbiKaHne He nepe- 
ceKaeTCH c dQ\. MaKCHMyM cpyHKUHH f(x, y, z, u,y) = t Ha KA\ flOCTHraeTCH. 
ToHKa MaxcHMyMa HaxoflHTcn MeTOflOM MHO^KHTejieii JlarpaHxa, KOTopbifi 
npnBOflHT (JleMMa 5.1) k ycHjieHHoft cncTeMe no cpaBHeHHio c ( 13.21) : jih6o 

F = F x = F y = F z = F u = 0, (3.4) 

jih6o F = F z = F zz = 0. B § 5 mm flOKa>KeM, hto cncTeMa ( 13.41) He HMeeT 
penieHHH b o6jiacTH ( 12.21) . OTcyTCTBne penieHHH bo btopom cjiynae noxa nofl- 

TBep^KfleHO JIHHIb HHCJieHHMM CKaHHpOBaHHeM. 

TaKHM o6pa30M, mhojkcctbo penieHHH chctcmm ( 13.21) b o6jiacTH ( 12 . 21) nycTO, 
cjieflOBaTejibHO, npn jiio6mx 3HaneHHHx x, y, u, t KopeHb z = z* cpymcnHH 

F{. . . , Z) — eflHHCTBeHHMH. ■ 

JleMMa 3.1. B cAyuae x = u u t = ujueeM d z F < npu z > 0. 

^OKasaTejibCTBO. B flaHHOM cjiynae a = b , c = d = \J x 2 + z 2 , d z c = z/c, 
F = 2x(a 2 + c 2 ) - 2ac(y + z), 

d z F = 4xz - 2ac - 2a (z /c) (y + z) < 2a (2z - (c 2 + z 2 ) /c) < 0. ■ 
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§ 4. IIoBe^eHHe <J)yHKD,HH F npn z — > oo h npn £ — > + 

4.1. Pe3yjibTaTbi 

B HacTOHmeft pa6oTe OTHOCHTejibHO npocTbie yTBep>KfleHH5i Ha3biBaiOTC5i JleM- 
MaMH, 6ojiee cjicc-KHbie — ripefljio>KeHH5iMH. 

JleMMa 4.1. nycmt x, y, u, t cfjuKcupoeanu. Tozda npu z — > oo 

y, u, z, t) = (p — a — b)z 2 + O(z). 
B nacmHocmu, F < npw 6oAbmux z. 

/loKa3aTejibCTBO. IlocKOjibKy c = z + 0(1), d = z + 0(1), g = z + 0(1), 
HMeeM 

F(x, u, y, z, t) = (ab + cd)£> — (ad + bc)q = z 2 ]9 — (az + &z)z + 0(z). 



IIpefljioxceHHe 4.2. Ylycmh mouKa D Aeotcum na cmopone AC mpeygoAt- 
hukcl ABC u omAuuna om monen A u C . Tozda 3am eupoomdeHHOgo uemu- 
pexyzoAtHuna ABCD ujueeM C^(a, 6, c, d, p, q) > npu omcymcmeuu npouux 
eupoDtcdeuuu. B 6oAee mohom eude, 

{AB -BC + AD- CD) ■ AC > {AB -AD + CB- CD) ■ BD. 

4.2. IIjiaH ,n,OKa3aTejibCTBa IIpe/i,jio»ceHHa 4.2 

He orpaHHMHBa^ o6ihhocth, itojico-khm p = 1 h npuMeM LADB < tt/2. Ha 
MHOJKecTBe T> = {0 < x < 1, y > 0, < t < 1} paccMOTpuM (pymapno 

Fq{x, y, t) = f F{x, y, z = 0, u = 1 — x, t). 

MHO^KecTBO T> CB5I3HO. /JocTaTOMHO flOKa3aTb, hto Ha HeM Fq 0: Torfla 3Hax 
Fq nocToaHeH, a H3 JleMMbi 3.1 cjieflyeT, hto Fq > npn t = J £C = l/2. B 
n. 4.3 paccMaTpHBaa pau,HOHajiH3aHHK) ycjiOBHa ( 10.21) . noKa»ceM, hto Fo ^ 
npn ?/ > 1. 3aTeM b n. 4.4 nccjieflyeM Fq Ha rpaHHue KOMnaKTHoro MHCOKecTBa 
/C, 3aflaHHoro HepaBeHCTBaMH 

< x < 1, < t < 1, < y < 1, 

h noKaxeM, hto TaM Fq > 0. B n. 4.5 ycTaHOBHM, hto ypaBHeHne VFq He HMeeT 
penieHHH bo BHyTpeHHOCTH MHO^KecTBa /C, cjieflOBaTejibHO, min Fq flocTHraeTCH 
Ha ero rpaHnne h Fq > Ha BHyTpeHHOCTH /C. ■ 
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4.3. Pau,HOHajiH3ai];H« h HepaBeHCTBO F [y > 1] ^ 
BbipaxeHHe Fq nepe3 a, . . . , q coflepxHT KBaflpaTHHHbie HppannoHajibHOCTH. 

OyHKUTIH 

R(a,b,c,d,p,q) = C 3 (a,b,c,d : p,q) C 3 (a,b, —c, —d,p,q) 
x C 3 (-a, 6, c, d, p, q) C 3 (-a, 6, -c, -d, p, g) 

ecTb pau,HOHajibHa5i (pyHKniin ot a 2 , b 2 , c 2 , d 2 , p, q, h, cjieflOBaTejibHO, pa- 
u,HOHajibHa5i {pyHKD,H5i ot x, u, y, z, t. Ee orpaHH^eHHe Ha paccMaTpHBaeMoe 
MHO^cecTBO z — 0.p=l.a = x.b = u = l— x o6o3HaHHM nepe3 Rq. 

C noMoiubio Maple HaxoflHM cpaKTopH3au,Hio 

R = 4(l-t 2 )y 2 xT (x,y,t) 

rfle Tq — MHoroHjieH. IlpH \t\ ^ 1, x, y HepaBeHCTBO T ^ BjieneT 
Rq ^ h, cjieflOBaTejibHO, Fq 7^ 0. MHoroMjieH Tq npeflCTaBHM b BHfle 

T Q (x,y,t) = A(y 2 -l) + 4y 2 (l-t 2 ), 

A = 3y 2 + 4(1 - 2x)ty + (1 - 2x) 2 . 
IlocKOJibKy npn \t\ < 1, 

A > 3y 2 - 4y\l - 2x\ + (1 - 2x) 2 = (3y - |1 - 2x|)(|y - |1 - 2a?|) 
to npn y > 1, < x < 1, HMeeM ^4 > 0, OTKy^a Tq > 0. 

4.4. IIpeflejibHi>ie cjiynan x = 0, 1, z = h £ = 1 

a) IlpH x = (cjiynaft a: = 1 aHajiorHHeH) HMeeM <i = 0, c = 1, a = 
Fo = a6j9 — 6cg = ab — ba = 0. 

6) IlpH z = HMeeM g = 0, cjieflOBaTejibHo Fq = a6 + cd > 0. 

b) IlpH t = 1 HMeeT MecTO pe3yjibTaT 6ojiee o6in,ero xapaKTepa (6e3 npeflnojio- 
>KeHHH 2 = 0), KOTopbift HeoflHOKpaTHO noHafloGnTCH b flajibHeftnieM. H3 Hero 
cjieflyeT, hto Fo|i=i > 0. 

JleMMa 4.3. Hueem Mecmo gjopMyAa 

F\t=i = (x + y + z + w)(;c — y)(u — z) (sgn(x — y) + sgn(w — z)). (4.1) 

^OKasaTejihCTBO. QopMyjia ( 14.11 ) cjie^yeT H3 paBeHCTB npn t = 1: 

a = \y — x\, b = y + u, c=|u — z|, d = 2 + x. ■ 
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4.5. OTCyTCTBHe BHyTpeHHHX TOHeK 3KCTpeMyMa CpyHKD,HH Fq 

B 3TOM nyHKTe mm Hcnojib3yeM fleKapTOBbi KOopflHHaTbi. IIoMecTHM Hanajio 
KOopflHHaT b TOMKy A h HanpaBHM nepByio ocb BflOJib AC. KoopflHHaTbi 
ocTajibHbix To^eK cyTb D[d } 0), C(p, 0), B(£,r)) : 77 > 0. IlapaMeTpbi d, 
c, ]9 = c + d He 3aBHC5iT ot £, 7/, a napaMeTpbi a, 6, g h hx npoH3BOflHbie 
flaiOTC5i (popMyjiaMH 

a=«c+77 a* = - a„ = - 

a a 

& 2 = K-p) 2 + ^ 2 ^ = ^ ft, = " 



2 j\2 , 2 S °^ ^ 

9 = K ~ °0 + V Qt = % 



b " b 

- d r) 

— % = - 
q q 



OTCiofla 

(bp- dg)£ (ap - cq) (f - p) (ad + be) (f - d) 
O£^o = 1 ; 



a o q 



... r Abp-dq) (ap-cq) (ad + bc) 

OVy^O = ?7 I 1 r 



(4.2; 



a o g 

Ha30BeM Ha6op BejiHHHH (a, . . . , q, £, 77) flonycTHMbiM, ecjin oh cooTBeTCTByeT 
KOHCpHrypanHH, onHcaHHoft b IIpefljio^eHHH 4.2 h TpeyrojibHHK ABC HeBbi- 
po^KfleH. 

JleMMa 4.4. CucmeMa O^Fq = 8 v Fq = we UMeem donycmuMUX pemenuu. 
/foKasaTejihCTBO. BbiHHTaa H3 nepBoro ypaBHeHH5i b (14.21) BTopoe, yMHOsceH- 

HOe COOTBeTCTBeHHO Ha £/r) H (£ — p)/r), yHHTblBafl, HTO c + d = p, H 

H36aBji5i5icb ot 3HaMeHaTejieii, ynpocTHM 3aflaHHbie ypaBHeHHa: 

pq (cq — ap) + bd (ad + be) = 0, 

pg (dq — bp) + ac (ad + 6c) = 0. 

IloKa>KeM, hto flonycTHMbie penieHHA yflOBjieTBopaiOT paBeHCTBy a = b = q. 

Bepa cyMMy ypaBHeHHft h noflCTaBJi5i5i p = c + d, nojiy^HM (paKToproyeMoe 
ypaBHeHne: 

[(6 - g)d + (a - q)c] [(b - q)c + (a - q)d] = 0. 

Bo3MO>KHbi flBa cjiyMaa. 

Cjiy^aft I: (6 — g)d+ (a — q)c = 0. B Ka^ecTBe BToporo ypaBHeHHH B03bMeM 
onpeflejiHTejib cncTeMbi ( 14.31) OTHOCHTejibHO Hen3BecTHbix pq h (ad + be) , 

= A = ac(cg — ap) + &d(6p — dq) = ac [(g — a)c — ad] + 6d [(b — q)d + 6c] . 
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B flaHHOM cjiynae 

A = ac l(b — q)d — ad] + bd [(q — a)c + be] = cd(b — a) (a + b + q), 

OTKyfla a = b Ha flonycTHMOM peiueHHH. /Jajiee, = (6 — q)d + (a — g)c = 
(b — q)(c + d), cjieflOBaTejibHO, q = b = a. 

Cjiynaii II: (b — q)c + (a — q)d = 0, T.e. ad + be = £>g. IIoflCTaBjraii b 
nepBoe ypaBHeHHe CHCTeMbi ( 14.31) . nojiyHHM pq (cq — ap + 6d) = 0. C yneTOM 
p = c + <i, nojiy^HjiacB oflHopoflHaa jiHHeftHaa CHCT6Ma ypaBHeHHft 

(6 — g)c + (a — q)d = 0, (g — a)c + (6 — a)c/ = 

OTHOCHTejibHO c h d c onpe-flejiHTejieM 

(6 - g)(6 - a) + (a - g) 2 = (a - g) 2 - (a - q)(b - q) + (b- q) 2 . 

PaBeHCTBO Hyjiio bo3mo^kho jiHiiib npn a = b = q. 

HTaK, b o6ohx cjiynaflx ( 14.31) BjieneT a = b = q. OflHaKO paBeHCTBO 
a = b = q reoMeTpuMecKH HeB03MO>KHO, t.k. Bcer^a q < max (a, 6). 9thm 
3aBepniaeTC5i flOKa3aTejibCTBO JleMMbi 4.4 h IIpefljio>KeHH5i 4.2. ■ 

§ 5. HecymecTBOBaHHe KOMnaKTHOH KOMnoHeHTbi 
no^MHO^cecTBa F = F z = b Qi 

5.1. YcHjieHne CHCTeMbi (13.21 ) 

JleMMa 5.1. IIpednoAOCHCUM, nmo MHODtcecmeo pemenuu cucmejuu ( 13.21) na 
MHOQtcecmee Q\ (cm. ( 12.21) . ( 13.31) ) KOMnaKmno (m.e. we UMeem npedeAtnux 
moueK na dQ\) u nenyemo. Tozda xomsi 6u odna U3 cucmeM ( 13.41) uau 

F = F z = F zz = (5.1) 

UMeem pemenue e Q. 

/^OKasaTejihCTBO. H3 npeflnojiO)KeHHH JleMMbi cjie-flyeT, hto mhcokgctbo A4\ 
penieHHft CHCTeMbi ( 13.21) Ha MHO>KecTBe Q\ = {u = l}nQ TaioKe KOMnaKTHO h 
HenycTO. Mo>kho c^HTaTb, mto F Tenepb 5iBji5ieTC5i (pyHKHHeft jinnib MeTbipex 
nepeMeHHbix x, y, z, t. PaccMOTpnM onTHMH3anHOHHyio 3aflaMy 

Ami ~* maX - 

CocTaBHM Bbipa>KeHHe JIarpaiDKa 



t-XF- fiF z . 



(5.2) 
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^ncpcpepeHnnpyfl no z n ynnTbiBaa (13.21) . nojiynnM fiF zz = 0. 

B cjiynae F zz = HMeeM cncTeMy ( 15.11) . Ecjih >Ke F zz ^ 0, to \i = 
0. /Jn^xpepeHnHpyn ( 15.21) no t, HaxoflHM 1 — XF t = 0, OTKy^a A / 0. 
^ncpcpepeHnnpyfl ( 15.21) no x n y, Haxo^HM Tenepb F x = F y = 0. Mbi nojiynnjin 
4 H3 5 ypaBHeHHft ( 13.41) . OcTaBineecH ypaBHeHne F u = cjie^yeT H3 nepBbix 
neTbipex b CHjiy TO>KflecTBa Biijiepa fljia oflHopoflHbix (pyHKnnn. ■ 

B ocTaBmeftcfl nacTH naparpacpa mm flOKa^KeM HecyinecTBOBaHne penieHHii 
CHCTeMbi ( 13.41) . ocTaBjiafl 3a paMKaMH flaHHofi pa6oTbi aHajiH3 cncTeMbi ( 15.11) . 
3tot npo6eji ynoM5iHyT bo BBefleHnn. 

5.2. Pajj,HOHajiH3aii;Ha 

OyHKu,H5i F(x, . . . , t), 5iBji5iioiii,a5iC5i KOMnosnnnen C%(a, . . . , q) c noflCTaHOB- 
KaMH ( 12.31) . coflep«;HT KBaflpaTHbie kophh. 

MacTHHHaH pannoHajiH3anH5i. riojio^KHM F* = (ab + cd)p + (ad + bc)q n 
BBefleM Bbipa»:eHHe 

R(x, y, z,u,t) = F ■ F* = Ro(x, . . . ,t) + \Ri(x, ...,£), 

(5.3) 

A = abed. 

3flecb R\ = 2(p 2 — q 2 ), Rq = (a 2 b 2 + c 2 d 2 )p 2 — (a 2 d 2 + b 2 c 2 )q 2 - MHoronjieH 
CTeneHH 2 no t h oflHopoflHbift CTeneHH 6 no nepeMeHHbiM x, . . . , u. 
Ero pa3Jio»:eHHe coflep>KHT 64 njieHa. OneBHflHO, hto Ha MHOJKecTBe Q ypaB- 

HeHHH F = H = SKBHBajieHTHbl, nOCKOJIbKy F* > 0. 
IlojIHafl pail,HOHaJIH3aLI,H5I. QyHKUHH 

RR(x, y, z, u, t) = (Rq + XR 1 )(R - Ai?i) 

HBjineTcn MHoroHjieHOM no nepeMeHHbiM x, . . . , t. HMeeM cpaKTopnsaHHio 

RR = 4 (t 2 — 1) p 2 q 2 Cycl(x, y, z, u) T(x, y, z, u, t), (5.4) 

rfle T — MHoronjieH c 62 njieHaMH, KBaflpaTHHHbiH no t h oflHopoflHbift CTeneHH 
6 no ocTajibHbiM nepeMeHHbiM. IIpHBOflHM stot MHoronjieH b hbhom BHfle, 
cjieflya npHHnnny "Jlynnie oflHH pa3 yBHfleTb. . . ": 

T = 4T 2 t 2 + 4Tit + T , 

T = 2y 3 z 3 + Syzx 4 + 2y 3 zx 2 + 2yz i x 2 - 2x 3 uy 2 - 2xv?y 2 - Sxuy 4 - 

2xu 3 z 2 + 2x 2 yzu 2 — zy h — yz h + ux b — 2xuy 2 z 2 — 3xuz^ — 2x 3 uz 2 
+xu 5 + 3yzu A + 2y 3 zu 2 + 2yz 3 u 2 — 2x 3 u 3 , 
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T\ = z 2 y i x — y 2 x i z + y A xz — y 2 z 3 x + yz 2 x 3 — z^xy — x^yu 2 + x 2 y 3 u 
—x A uy + x 2 v?y — xu 2 y i + z A uy + y 2 z 3 u — yz 2 u 3 — y 3 uz 2 — y A uz 
+u 3 y 2 z — u A xz + xu 2 z 3 — x 2 v?z — x 2 uz 3 + x uz + u 2 x 3 z + u^xy, 

T 2 = —y 3 zx 2 — 2y 2 z 2 x 2 — yz 3 x 2 + x 3 uy 2 + 2y 2 x 2 u 2 — yz 3 u 2 — 

2u 2 y 2 z 2 — y 3 zu 2 + xu 3 z 2 + 2w 2 A 2 + x 3 wz 2 + xu 3 y 2 — Ax 2 yzu 2 

—2x^uyz + Axuy 2 z 2 + 2xy 3 zu — 2xyv?z + 2xyz s u. 

H3 (15.41) BHflHO, hto ecjiH C3 = h T 7^ 0, to Cycl = 0. K co>KajieHHio, 
yTBep>KfleHHe T 7^ HeBepHO (cm. HH>Ke). CncTeMa, paccMaTpnBaeMan b 
cjieflyiomeH JleMMe, He SKBHBajieHTHa (13.21 ). ho 6yfleT Hcnojib30BaHa b § 6 
npn flOKa3aTejibCTBe HecymecTBOBaHHH npHMbiKaioiinix k rpaHHue ceMeftcTB 
penieHHft CHCTeMbi (13.21) . 

JleMMa 5.2. BcMKoe pemenue cucmeMu (13.21) na Mnostcecmee Q MeA^emcM 
maKQfce pemenueM cucmejuu 

T = 0, T z = 0. (5.5) 

^OKasaTejihCTBO. HivteeM T ■ Cycl=F • S, r^e S — panHOHajibHan (pyHKUHH 
6e3 oco6eHHOCTeft Ha Q. H3 ypaBHeHHft (13.21) cjie^yeT 

T-Cycl = d z {T-Cycl) =0. 

ripeflnojio>KHM CHanajia, hto Cycl = 0, T 7^ 0. Tor^a d z Cycl = 0. Ho 
d z Cycl = —y 7^ 0, npoTHBopenne. 

B cjiynae CycZ 7^ 0, T = HMeeM T z = 0, kbr yTBep>Kflajiocb. OcTaeTCH 
flOKa3aTb, hto HeB03MO>KeH cjiynafi T = Cycl = 0. B pe3yjibTaTe noflCTaHOBKH 

U = 1, X = yZ B T nOJiyHHM (paKTOpH3yiOIHHHCH MHOrOHJieH 

4 2/(2/ " l)(y + 1)(2/ 2 + 2^2/ + 1) *(* " 1)(* + 1)(^ 2 " 2tz + 1), 
KOTopbiii He o6panj,aeTCH b Ha MHoncecTBe Q. ■ 

Cjie/jCTBHe. BcMKoe pemenue cucmeMu (13.41) na MHOstcecmee Q MeAMemcM 
maKQfce pemenueM cucmejuu 

T = T x = T y = T z = T u = 0. (5.6) 

Mo>kho 6biJio 6bi HafleaTbCfl flOKa3aTb OTcyTCTBHe penieHHH CHCTeMbi (13.41) . 
flOKa3aB OTcyTCTBHe penieHHH nojiHHOMHajibHoft CHCTeMbi (15.61) . Ho nocjieflHHH 
HMeeT penieHHH. (HanpHMep, (15.61) o6pani,aeTCH b TO>KflecTBO npn u = x, y = 
z.) /^OKa3aTejibCTBO b cjieflyiOHi,eM n. ocHOBaHO Ha aHajiH3e aHajiorHHHoii 
CHCTeMbi c HacTHHHoft pau,HOHajiH3aii,HeH, 

R = R x = Ry = R z = R u = 0, (5.7) 
KOTopan SKBHBajieHTHa (13.41) Ha Q, nocKOJibKy F = R/ F* , F* 7^ 0. 
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5.3. Hecym,ecTBOBaHHe penieHHH cncTeMbi (15.71 ) 

Ilpe^Kfle Bcero, 3anHineM npoH3BOflHbie R x h t.,zl b BHfle panHOHajibHbix (pyHK- 
hhh no x, . . . , t h A, HivteeM 

\ a d J V a 2 d 2 J 

IloSTOMy 

-Ra; = a 2 d 2 d x R 

- ajireGpaH^ecKHH nojiHHOM no nepeMeHHbiM x, z, t, A. AHajiornnHO, mho- 
ronjieHaMH (no TeM me nepeMeHHbiM) hbjihiotch 

R y = a 2 b 2 d y R, R z = c 2 d 2 d z R. R u = b 2 c 2 d u R, 

IlojiyneHa cncTeMa 5 nojinHOMnajibHbix ypaBHeHnn c Hen3BecTHbiMH x, y, z, 

U, t H A 

R = R x = Ry = R z = R u = 0. (5.8) 

Hraopnpyfl ypaBHeHne cbh3h (BTopoe ypaBHeHne b (15.31) ). 6yfleM cnnTaTb A 
He3aBHCHMon nepeMeHHoft ot x, 3thm Mbi pa3pyniaeM oflHopoflHOCTt 

cpyHKu,HH R no nepeMeHHbiM x, . . . , m, cjieflOBaTejibHO 5 ypaBHeHnn cncTeMbi 
(15.81) 6ojiee He hbjihiotch 3aBHCHMbiMH b cnjiy TO^KflecTBa 3iijiepa. CncTeMa 
(15.81) KBa3noflHopoflHa no 5 nepeMeHHbiM (ncKJiionan t): nepeMeHHbie x, . . . , u 
HMeiOT Bee 1, a Bee A paBeH 4. OflHO H3 3HaneHHH mo^kho Bbi6paTb npon3- 
BOjibHO. SacpHKcnpyeM 3HaneHne u = 1. Tenepb (15.81) CTaHOBHTcn cncTeMofi 5 
ypaBHeHnn c 5 Hen3BecTHbiMn x, y 7 z, t 7 A. 

/^OKa3aTb OTcyTCTBne peuieHnfi stoh He6ojibuiOH nojinHOMnajibHofi cncTe- 
mm OKa3ajiocb HejierKO. ABTopy npnuijiocb nepenpoGoBaTb HecKOJibKO cxeM 
HCKjnoneHHn. /JeftcTByH "xaK nonajio", npnxoflHM k ncnepnaHHio BbinncjiHTe- 
jibHbix pecypcoB. 

OnHCbiBaeMaa HH>Ke cxeMa OKa3ajiacb BbinojiHHMOH h, cjieflOBaTejibHO, ot- 

HOCHTejIbHO 9KOHOMHOH, HO BCe 5Ke flajieKO BblXOflHT 3a npeflejlbl B03M05KHOC- 

Tefi pyHHoro cneTa. 

LLIar 1 . HcKjnonaeM A, Bbinncjinn pe3yjibTaHTbi jiHHeftHbix no A ypaBHeHnn 

Res x = Result ant \ (R, R x ), 
h aHajiornnHO Res yj Res Zj Res u . Pe3yjibTaHTbi (paKTopn3yiOTCH, HanpnMep, 

Res x = -4 (t 2 -l)(y+ z) 2 (x + 1) Res x , 
rfle Res x — MHoronjieH ot x, y, z, t c 92 njieHaMH. 
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3aMenaHHe. Ha nocjieflyioiiiHx niarax HaM MHoroKpaTHO 6ypjT BCTpenaTbca 
(paKTopH3au,HH, b KOTopbix HeKOTopbie MHOiKHTejin He o6paniaiOTC5T B Ha 
MHO>KecTBe Q. HanpHMep, TaKOBbi Tpn MHO^KHTejia b (popMyjie fljra Res x 
Bbinie; flpyrne npHMepbi: x, t ± 1, z 2 — 2tzy + y 2 . Taxne mhco-khtcjih 
6yfleM Ha3biBaTb TpHBnajibHbiMH. HeKOTopbie mho^khtcjih, HanpHMep, y — 1, 

X+l — y — Z, y — XZ, He OTHOC5ITC5I K TpHBHajIbHbIM, HO npHBOflHT K npOCTbIM 
OTBeTBJieHHflM OT OCHOBHOH JIHHHH. Mbl paCCMaTpHBaeM COOTBeTCTByK)HJ,He 

BapnaHTbi b jieMMax nocjie 3aBepnieHH5i HanGojiee TpynHoft nac™ flOKa3aTejib- 
CTBa. B TeKCTe mm Ha3biBaeM Taxne mho^khtcjih npocTbiMH (no aHrjinftcKH - 
"simple", ho He "prime"). 

UJar 2 . HciunonaeM t. OaKTopH3aiiH5i pe3yjibTaHTa MHoronjieHOB Res x h 

ReSy COflep>KHT, nOMHMO TpHBHaJIbHblX MHO^KHTeJieft, npOCTbie MHO)KHTeJIH 

z — xy, y — xz, x — yz, x — y — z + 1, (5.9) 

H OflHH "60JIbHI0H"MH0>KHTejIb CTeneHH 6 C 18 HJieHaMH, KOTOpblft o6o3HanHM 

Res xy (x,y,z). AHajiornnHO, (paKTopH3aiiH5i pe3yjibTaHTa Res y h Res u otho- 

CHTejIbHO t npHBOflHT K TeM >Ke npOCTbIM MHO^KHTejIflM H 6ojIbHIOMy MH05KH- 

Tejiio ReSy U (x, y, z). Me;sgiy KOScpcpHiineHTaMH MHoronjieHOB Res xy h Res yu 
HMeeTC5i oneBHflHoe cooTBeTCTBHe, OTBenaiomee CHMMeTpnH hcxo,hhoh 3aflanH 
OTHOCHTejibHO nepecTaHOBKH X^ry^rU^rZ^X^ t —t. 

AHajiornHHO onpeflejiaiOTCH Gojibinne mho^khtcjih Res uz h Res zx pe3yjib- 
TaHTOB (oTHOCHTejibHO t) nap (Res UJ Res x ) h (Res x , Res x ). 

UJar 3 (pemaroniHft). HMeiOT MecTO cpaKTopH3aiiHH (HaftfleHbi MeTOflOM npo6 
c noMonibio Maple). 

zRes xy + yRes zx = (y - z)(y + z) Pf\x,y, z), 
yRes uz - zRes yu = x(y - z)(y + z) Pf\x,y, z), 

P 4 (1) + p 4 (2) = (x - l)(x + l)(3x 2 - 2x + 3 + y 2 + lOyz + z 2 ). 

IlocjieflHHH MHO>KHTejib — nojio^KHTejibHO onpeflejieHHaa KBaflpaTHnHaa (pop- 
Ma. TaKHM o6pa30M, ocTaeTca paccMOTpeTb "npocTbie"cjiynaH, Kor^a o6pama- 
eTCH b jih6o oflHH H3 npocTbix MHO^KHTejiefi ( 15.91) . jih6o y — z 7 jih6o x — 1. 

Cjiynafi x — y — z + 1 = 0. HMeeM 

Res y [z = x + l-y] = -4(y - l)(y 2 + 2yt + l)(x+ lf{x - y)(x 2 - 2xyt + y 2 ). 

CjieflOBaTejibHO jih6o y = 1, x = z, jih6o x = y, z = 1. B o6onx cjiynanx 
Cycl = xu — yz = 0. Ho paBeHCTBO F = F z = HeB03M05KHO Ha MHO^KecTBe 
C (cm. flOKa3aTejibCTBO JleMMbi 5.2). 
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Cjiy^aft x = yz. AHajiornnHO, H3 (paKTopH3au,HH 

Res x [x = yz] = 2{yz + 1) y 2 (y 2 - l)(y 2 + 2ty + 1) z 2 (z 2 - l){z 2 - 2tz + 1) 

HaxoflHM, hto jih6o y = 1. x = z. jih6o z = 1. x = y. T.e. Cycl = 0, h 
3aKjiK>HeHHe k&k b npeflbiflyineM cjiynae. 

CjryHaft y = xz (CjryHaft y = xz CHMMeTpnneH.) HMeeM <paKTopH3anHH 

Res x [z = xy] = x 2 {x 2 - 1) {y 2 - l){y 2 + 2ty + 1) P 5 (x, y, t), 
Res u [z = xy] = -x(x 2 - 1) (y 2 - l)(y 2 + 2ty + 1) P 6 (x, y, t), 

rfle 

P$(x, y ,t) = x + x 2 + y 2 + ?/ 4 + x 2 ?/ 2 — x?/ 4 — 4xyH, 
Pq(x, y, t) = 1 + x + ?/ 2 — xy 4 + x 2 ?/ 2 + x 2 ?/ 4 — 4xy 3 t. 

/Jajiee, 

n-P5 = (^-l)(?/ 2 -l)(?/ 2 +l). 

rioMHMO noflCjiynaeB, BeflyiHHx k paBeHCTBy Cycl = HeMefljieHHO, c-CTaeTCH 
TOjibKO cjiynaft x = 1, y = z. ITpn 9tom a = c, 6 = h neTbipexyrojibHHK 
ABCD — napajuiejiorpaM. Bbipa»ceHHe C3 ynpoinaeTcn: C3 = 2(abp — abq). 
riojiynaeM p = q, OTKy^a x = y = z = u, T.e. CHOBa Cycl = 0. 

9thm 3aKaHHHBaeTCH pa36op Bcex cjiynaeB h flOKa3aTejibCTBO Hecym,ecTBO- 
BaHH5i penieHH5i CHCTeMbi ( 15.71) . a, 3HanHT, h CHCTeMbi ( 13.41 ). 



§ 6. Hecyiu,ecTBOBaHHe penieHHH CHCTeMbi (13.21) b6jih3h 
rpaHHD,bi MHO^cecTBa Qi 

6.1. CTpaTHcpHKaipia rpaHHijbi 

THnoTeTHMecKH, MHO^KecTBO A4 (cm. c. 11) mcokct HMerb npeflejibHbie tohkh 
Ha rpaHHne MHOKecTBa Q\. PaccMOTpnM CTpaTHCpHKanHio rpaHHu,bi (pa36ne- 
HHe ee Ha MHO>KecTBa pa3Hbix pa3MepHOCTeft, OTKpbiTbie b cooTBeTCTByroiHHx 
KOopflHHaTHbix noflnpocTpaHCTBax) . TpaHH Kopa3MepHOCTH k = 1,...,4 co- 
OTBeTCTByiOT oGpaineHHio pobho k H3 HepaBeHCTB ( 12.21) b paBeHCTBa. (Bee 5 
HepaBeHCTB He MoryT oflHOBpeMeHHO oGpaTHTbcn b paBeHCTBa b cnjiy ycjic-BHH 

BBefleM TepMHHOjiorHio, KOTopan noMO>KeT HaM KOMnaKTHO onncaTb MHoro- 
HHCJieHHbie cjiynan. IlycTb V — HeKOTopoe noflMHO>KecTBO 5-3JieMeHTHoro mho- 
>KecTBa nepeMeHHbix x, y, z, u, t. ByzjeM roBopnTb, hto HMeeT MecTO cAynau 
V, ecjin MHO>KecTBO A4 HMeeT npeflejibHyio TOHKy Ha rpaHH, r^e HepaBeHCTBa 
( 12.21) fljiH nepeMeHHbix H3 V c-GpainaiOTCH b paBeHCTBa. 



21 

HanpHMep, HMeeT MecTO cjiynan (x), ecjin y cncTeMbi ( 13 . 21 ) ecTb ceMeftcTBO 
penieHHii, ajih KOToporo x — > 0, a y, z, it He CTpeMHTCH k h t ±1. 

IlepeHHCJiHM cjiynan, KOTopbie HyjKHO paccMOTpeTb h HCKJiionHTb, htoGm 
flOKa3aTb TeopeMy 2. 

1) Cjiynan Kopa3MepHOCTH 1: (x), (y), (z) n (u). Cjiynaft (z) y>Ke HCKjiioneH 
Ilpefljio^KeHHeM 4.2. OcTajibHbie cjiynan HeB03MO«Hbi no chmmctphh, t.k. 
ypaBHeHne F z = He Hcnojib3yeTC5i b ripefljio>KeHHH 4.2. 

2) Cjiynaft (t) Kopa3MepHOCTH 1. Oh HCKjnonaeTCH HpefljicoKeHneM 6.1. 

3) Cjiynan (xu), (zy) h hx Bbipo>KfleHHH (xut), (zyt) noKpbiBaiOTCH JleMMoii 
6.2. 

4) Cjiynaft (xy) HCKjiionaeTCH npefljioxeHHeM 6.3. Ilo chmmctphh, Taxxe 
HCKjiK)HaeTC5i cjiynan (uy). 

5) Cjiynaii (xz) h CHMMeTpHHHbiii (uz) HCKjnonaiOTCH ripefljio«;eHHeM 6.4. 

6) Cjiynan Kopa3MepHOCTH 2, Kora,a OflHa H3 nepeMeHHbix — t, HanpHMep, (xt), 
— oxBaTbmaiOTCH IlpefljiojKeHHeM 6.5. 

7) Cjiynan Kopa3MepHOCTH 3 c TpeMH fljiHHaMn: (xyz), (yzu), (zux) h [uxy] 
- HCKjnonaiOTCH JleMMoft 6.6. OKa3biBaiOTCH oxBaneHHbiMH n hx Bbipco-KfleHHH 

Kopa3MepHOCTH 4: (xyzt) h t.,zl 

8) (xyt) h CHMMeTpHnHbiii cjiynaft (uyt). 

9) (xzt) h CHMMeTpHHHbift cjiynaft (uzt). IIocjieflHHe flBa cjiynan ocTaBjieHbi 
3a paMKaMH HacTonineH pa6oTbi. Hx aHajin3 npeflCTaBjineT caMOCTOHTejibHbiH 

HHTepeC C TOHKH 3peHHH TeXHHKH, H3JIO}KeHHOH B (2J, TJI. 2], B 9THX CJiynaHX 

pa3penieHHe oco6eHHOCTn Tpe6yeT HecKOJibKnx HTepannft. 3flecb mm orpaHn- 
HHBaeMCH (popMyjinpoBKoft Hy>KHbix pe3yjibTaTOB (ripefljio^KeHne 6.7). 

6.2. Cjiynaii (t) (cKjia,n,biBaioii],HHca HeTMpexyrojibHHK) 
IIpe/i,jiox<;eHHe 6.1. CAynau (t) Heeo3MootceH. 

J^OK&S&TeJIbCTBO. Be3 OrpaHHHeHHH o6lHHOCTH MO^KHO CHHTaTb, HTO t — ► 

1~„ H3 ( 14.11) cjieflyeT, hto paBeHCTBO lim^i F = h6bo3mo>kho, ecjin 
lim(x — y)(u — z) > 0. HMeeTCH b BHfly npe^eji BflOJib HeKOTopoft kphboh 
(x(t),y(t), z(t),u(t),t), t — > 1~. B flajibHeftmeM H3 ocTaBmnxcn flByx B03- 
MO>KHbix KOM6HHau,HH 3HaKOB 3a(pHKCHpyeM TaKyio: 

lim(y — x) > 0, lim(u — z) > 0. (6.1) 



ripOTHBOnOJIO>KHbIH Bbl6op BefleT K nOJIHOCTblO aHajIOrHHHbIM BblHHCJieHHHM. 
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PaccMOTpHM Tenepb 2 cjiynaH: 

A) Ilpeflejibi ( 16.11) CTporo nojiO)KHTejibHbi; 

B) Xoth 6bi oflHH H3 3THX npeflejiOB paBeH 0. 

Cjiy^aft A. Ecjih npe^ejibi ( 16.11) nojio:>KHTejibHbi, to c TOHHOCTbio flo HjieHOB 



nopaflKa r HMeeM 



, . xy , . uy 
a rsj [y - x) H r, b ~ \u + y) r, 



(6.2 



?/ — x u + y 

c ~ (it — z) H r, a ~ (z + x) r. 

it — 2 z + x 

OTCiofla HaxoflHM acHMnTOTHKy npn t — > 0: 

F ■ a&cd = r (2/ + + y)(xu - yz) P^x, y, z, u) + 0(r 2 ), 

rfle 

P3 = ux 2 + + 3yzx + 3zwx — xu 2 — zy 2 — 3uyz — 3uyx. 

MHoroMjieH P3 HMeeT CTeneHb 2 no nepeMeHHoft x. Ko9(p(pHnHeHT npn x 2 
paBeH u > 0, h P3[x = 0] = yz(z — y — 3it) < 0, P^[x = y] = y{z — it) (u + 
2y+z) < 0. CjieflOBaTejibHO, paBeHCTBO P3 = HecoBMecTHO c HepaBeHCTBaMH 
( 16.11) . OcTaeTC5i bosmo^khoctb o6pameHH5T F b npn r > 0b cjiynae xu—yz — > 
0. 3Ta B03MO>KHOCTb peajra3yeTC5i — cp. ycjiOBne ( 10.11) . IloKa^KeM, oflHaKO, hto 
npn 3TOM F z 7^ 0. 

rioflCTaBji5i5i ( 16.21) b F z , HaxoflHM acHMnTOTHKy npn t 0: 

F z ■ (abed) ~ — r (x + it) P^x, z, u), 

MHoronjieH P7 oflHopofleH; noflCTaHOBKa u = 1 r x = yz npnBOflHT k mhoto- 
njieHy, KOTopbift (paKTopH3yeTCfl: 

P 7 (yz, y, z, 1) = 4 [yfe + l)z(z - l)] 2 (j/ + z). 

B paccMaTpHBaeMOM cjiynae lim(z — 1) = lim(z — it) < 0. CjieflOBaTejibHO, 
F z 7^ npn Majibix r > 0. 

Cjiynaft B. ripeflnojio>KHM, hto 2; — it — ► 0. IlepeKjnoHaflCb Ha paccMOTpeHHe 



MHoroHJieHa T (cm .n. 5.2) BMecTO P, HMeeM npocTyio (paKTopH3au,Hio: 

T[z = u,t = l] = u(x - yf (x + y + 2u). (6.3) 

CjieflOBaTejibHO, Heo6xoflHMO TaK>Ke x — y — > 0. (Mo>kho 6bijio npeflnojio>KHTb 
nocjieflHee ycjiOBHe h BbmecTH nepBoe). HTaK, HMeeM 3 Majibix napaMeTpa: 

t = 1 — t, v = y — x, s = u — z 
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3aMeTHM, hto Tenepb mm He HMeeM npaBa cnnTaTb, hto wis nojio)KHTejibHM. 

9tot cjiynaft cnjibHO Bbipo>KfleH h TpyfleH. /Jjih ero aHajiH3a mm 6yfleM 
Hcnojib30BaTb KaK napy ypaBHeHHft F = F z = 0, Tax h napy ypaBHeHHft 
T = T z = — cm. JleMMy 5.2. 

1°. 06paTHMC5i CHanajia k BejiHHHHe F = C%. 3anHineM 

C 3 = Aa + Cc, A = bp- dq, C = dp - bq, (6.4) 
h bmhhcjihm acHMnTOTHKy KoacpcpHnneHTOB A h (7. B flaHHOM cjiynae 

b = (u + y) - t + 0(r 2 ), d = (x + z) - r + 0(r 2 ). (6.5) 

06o3HanaH 

£ = |s| + |t>| 

H nOflCTaBJIHH aCHMIITOTHKH ( 16.51) B Bbipa>KeHH5I flJIH A R C 7 HaXOflHM 

A= 2(x + w)s + 0(rO + 0(r 2 ), C = -2(x + w)v + 0(r£) + 0(r 2 ). (6.6) 
B fleficTBHTejibHOCTH MjieHbi, coflep>Kaiii,He HeKOTopyio CTeneHb r 6e3 mhokh- 

TeJieft S HJIH 1>, OTCyTCTByiOT, HO Mbl flOKa>KeM 3TOT CpaKT He flJIfl BejIHHHH A 

h C b OTflejibHOCTH, a fljifl ypaBHeHHH ^4a + Cc = 0. ^OKasaTejibCTBO npocTo: 
npn v = s = HMeeM C3 = (reoMeTpnnecKH — 9to cjiynaH paBHo6onHoft 
Tpanennn). 

Bo3BOflH ypaBHeHHe Aa = — Cc b KBa,a,paT h Hcnojib3yn cpopMyjibi 

a 2 = v 2 + 2xyr, c 2 = s 2 + 2wzr, (6.7) 

nojiynaeM nocjie coKpameHHft 

A ! -«V = 0(f 2 (e + r)). 

CjieflOBaTejibHO, s ~ ±(u/x)v. Bo3BpainaHCb k ypaBHeHHio ^4a = — Cc, 
onpeflejineM, hto eMy yflOBJieTBopneT TOJibKO BeTBb co 3HaKOM +. (IIojiyHeH- 
Hbift pe3yjibTaT mo«ho Gmjio o^KH^aTb — oh corjiacyeTcn c ycjiOBneM ( 12.81) .) 

2°. Tenepb o6paTHMcn k ypaBHeHHio d z C% = 0. Hcnojib3yn cooTHonreHHH 
cd z c = z — ut h d/dz = —d/ds h He3aBHCHMOCTb a ot z, bhboahm h3 
(El): 

cd z C 3 = X + acY, 

rfle 

X = -c 2 d s C + (z- ut)C, Y = d s A. 
H3 ( 16.61) BHflHO, hto limy = 2(x + u) > 0, a H3 ( 16.71) cjie^yeT, hto 

ac > const r. (6.8) 
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CjieflOBaTejibHO, r = O(acY). OGpaTHMca k KoscpcpHnneHTy X. IIocKOJibKy 
d s C = 0(£), nepBoe cjiaraeMoe b X ecTb 0(£ 3 + £r). BTopoe cjiaraeivtoe 

(z - wt)C = (-s + wr)C = 2(x + w)vs + 0(£ 3 + fr). 

TaKHM o6pa30M, Ha acHMnTOTHnecKOM penieHHH ypaBHeHHH X + acY = 

flOJI>KHa BbinOJIHHTbCH oneHKa 

r=o(x) = o(e). 

3vy oneHKy mcc-kho ycnjiHTb, nocKOJibKy HepaBeHCTBO ( 16.81) cjihihkom rpy6oe. 
B CHjiy pe3yjibTaTa n.l°, £ 2 h vs HMeiOT oflHHaKOBbift acHMnTOTHHecKHii 
nopnflOK. Ecjih npeflnojio>KHTb, hto limr/^ 2 > 0, to nojryHHM 

acY X 
lim > 21 x + u) = lim — , 

vs vs 

npoTHBope^He. CjieflOBaTejibHO, r = o(£ 2 ). 

3°. YKopoHeHiie ypaBHeHHH T = npii Majibix s, i>, r HMeeT bh^ 

T ~ 4(x + w) 2 (s - u)(s + v){sx + v) + 0(r£ + £ 4 ). 

IlepBoe cjiaraeivtoe flOMHHHpyeT, h mm 3HaeM, hto sx/vu —> 1. CjieflOBaTejibHO, 
Ha acHMnTOTHnecKOM penieHHH x/w — ► 1. 

4°. 06paTHMC5i, HaKOHeu,, k ypaBHeHHio T z = h HaftfleM ero yKoponeHHe npn 
s, — ► , w = x — u ^ h r = o(s 2 ): 

T z ~ -16(s + *;)(3s-z;) + o(£ 2 ). 

PaBeHCTBO T z = HecoBMecTHO c BbiBefleHHbiM b 3° ycjiOBHeM s/v —> 1. 
IlojiyHeHHoe npoTHBopenHe flOKa3bmaeT HeB03MO>KHOCTb CjrynaH B. ■ 

6.3. OcTaBinnecH npe/jejibHbie cjiynan 

JleMMa 6.2. (O cnjiroiHHBaioiHeMCH ^eTbipexyrojibHHKe) . CAyuau (xu), (zy) 
u ux eupoomdeHUM (xut), (zyt) neeosMODicnu. EoAee moso, odno Aumt ypae- 
Henue F = ne UMeem ceMeucme pemenuu, euxodsiu^ux na coomeemcmey- 
tou\ue spanu. 

^OKasaTejihCTBO. ripeflnojio>KHM, hto x — > 0, u — > 0, a z h y He Majibi. Tor^a 
a, 6 — > c, (f — > z, j9 — > 0. CjieflOBaTejibHO, F — >• —2yz(y + z) 7^ 0. ■ 

IIpefljioxceHHe 6.3. (Bbipo>KfleHHe neTbipexyrojibHHKa b TpeyrojibHHK - I) 
CAynau (xy) Heeo3Momcen. 
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^OKa3aTejibCTBO. Ilpn x — > 0, y — > HMeeM 

a = 0(x + y), b = u + yt + 0(y 2 ), c = const, <i = z + + 0(x 2 ). 

OTCIOfla HaXOflHM aCHMIITOTHKH 

F = xct + + 07 + 0(x 2 + ?/ 2 ), 

9 9 ( 6 - 9 ) 
F z = xa + 2//? + 07 + 0(V + 

C K03(p(pHD,HeHTaMH 

a = c(«t + z), a = z(z 2 — w 2 £ 2 + c 2 ), 

/? = -c(u + zt), fi= (l-t)z 3 + (l + t)(u- z)uz, (6.10) 

7 = w 2 - z 2 , 7 = -2z 2 c. 

HaiifleM npeflejibHbift K09(p(pHii,HeHT nponopnHOHajibHOCTH x h y, HCKjnonaH 
a H3 CHCTeMbi ( 16.91 ). IlojiyHaeM 

x /?7 — /?7 z 3w 2 + z 2 
y «7 — «7 w 3z z + ir 

(B xofle BbiKjiaflOK Hcnojib30BajiH Bbipa>KeHHe c 2 nepe3 u, z, t, cm. ( 12.31 ).) 

3aBepniHM flOKa3aTejibCTBO ripefljio»:eHH5i, noxasaB, hto yKoponeHne bto- 
poro H3 ypaBHeHHH ( 16.91 ) He HMeeT penieHHii c x/y = s*. H36aBjiHHCb b stom 
ypaBHeHHH ot HppanHOHajibHOCTH a = (x 2 + y 2 — 2xyt) 1 ^ 2 1 nojiynaeM KBafl- 
paTHHHyio (popMy 

(a 2 - 7 2 ) x 2 + {(3 2 - f) y 2 + (25/? + 2tf)xy = 0. 

IloflCTaBjiHH K09(p(pHLi,HeHTbi H3 ( 16.101 ) h nojiaran u = 1, y = 1, x = s* 
(Bbipa»:eHHH oflHopoflHbi!), nojiyHHM MHoronjieH otzc napaivteTpoM t, flonyc- 
KaroiHHft (paKTopH3au,Hio 

z 4 (z 2 - 2tz + 1) (3z 2 - 2tz + 3). 

Oh He HMeeT nojio>KHTejibHbix KopHeft, ecjin \t\ < 1. ■ 

IIpe,zi,jio:>KeHHe 6.4. (BbipoxfleHHe neTbipexyrojibHHKa b TpeyrojibHHK - II) 
CAyuau (xz) Heeo3M09fceH. 

^OKasarejibCTBO. /JoKasaTejibCTBO aHajiorHHHO npeflbiflyineMy. B KOHne Haflo 
6yfleT pa3o6paTb oahh 6ojiee tohkhh cjiynaft. 

Ilpn x — > 0, z — > HMeeM 
a = y — xt + 0{x 2 ) 1 b = const, c = u — zt + 0(z 2 ). d = 0(x + z). 



(6.11 
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AHajiorHMHO ( 16.111 ). HaxoflHM 

F = xa + zj3 + g?7 + 0(x 2 + z 2 ), 

F z = xa + z/3 + dry + 0(x 2 + z 2 ), 

C K09(p(pHnHeHTaMH 

a = b(y — ut), a = ut(u 2 — y 2 ), 

P = -b(u-yt), p = u(u 2 -y 2 ), (6.12) 

7 = u 2 — y 2 , 7 = — u). 

ripeflejibHbiH K09(p(pHHHeHT nponopu,HOHajibHOCTH x h z paBeH 

y 3u 2 — 2tuy — y 2 
u y 2 — 2tuy + u 2 

PaccMaTpHBaa KBaflpaTHHHyio cpopMy, cooTBeTCTByiomyio nepBOMy H3 ypaB- 
HeHHfi ( 16.111 ). nojiy^HM nocjie ynpomeHHft h noflCTaHOBOK u = 1 , x = s*z 
npeflejibHoe ypaBHeHHe rjisi z h t 

4(t 2 -l)y 2 (y 2 -l) 2 (y 2 + 2ty-3) = 0. 

TaKHM o6pa30M, ocTaeTCH B03MC»KHOCTb cym,ecTBOBaHH5i acHMnTOTHMecKoro 
pemeHHH, Ha kotopom 

y 2 + 2ty-3^0. (6.13) 

PaccMOTpeHne KBaflpaTHHHoft (popMbi, cooTBeTCTByiomeH BTopoMy ypaBHe- 
hhk) b ( 16.111) Tax^Ke He HCKjironaeT 9tot cjiynaii. 3aMeTHM, hto b 9tom cjiynae 
s* = 0, T.e. x = o(z). CjieflOBaTejibHO, d = z + o(z). riojiynaeM (c u = 1) 

F = 2 ((1 — 6) + 6ty - ?/ 2 ) + o{z). (6.14) 

YcjiOBne ( 16.131) BjieneT b ^ 2. Ko9(p(pHHHeHT npn 2 b ( 16.141) b npe^ejie paBeH 
—y 2j r 2ty — 1 < 0. 9thm B03MO)KHOCTb ( 16.131) HCKjironaeTCfl. ■ 

IIpefljioxceHHe 6.5. Cjiyuau (xt), (ut), (yt), (zt) neeo3 mook.hu. 

JJpKasaTejihCTBO. PaccMOTpHM nepBbifi H3 flByx noflCjiynaeB cjiynan (xt): 
x — > 0, t — > +1. BHanajie, cjieflyn flOKa3aTejibCTBy ripefljio>KeHHH 6.1, no- 
jiyHHM (npHHHMan bo BHHMSHHe, hto y > x) 

lim(u-z)>0. (6.15) 

PaccMOTpHM ypaBHeHHe T = 0. ITpn £ = 1, x = oho (paKTopH3yeTca: 

T[t = 1, x = 0] = -yz(3u + y - z)(u + y - z)(-u + y + z)(u + y + z) = 0. 
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BsHfly (16.151) . (paKTopbi (3m + y — z) h (u + y — z) ne MoryT b npe^ejie 
oGpainaTbca b 0, nocKOjibKy y orpaHnneHO CHH3y. OcTaeTC5i eflHHCTBeHHaa 

B03M05KHOCTB 

lim(y + z — u) = 0. 

OflHaKO 

T z [t = 1, x = 0, u = y + z] = -8y 2 z(y + z)(2y + z)^0. 

riOflCJiyMafi t — ► — 1 npHBOflHT K CpaKTOpH3aUHH 

T[t = — 1, x = 0] = —yz(— 3u + y — z)(— u + y — z)(— u + y + z)(u + y + z), 

OTKyfla CHOBa cjie^yeT, hto Ha npeflejibHOM ceMeiicTBe u — y — > z. Ho 

r,[t = -1, x = 0, « = 2/ + z] = -8yz\y + 2*)(i/ + z) ± 0. 

Cjiynaft (lit) He Tpe6yeT OTflejibHoro flOKa3aTejibCTBa BBH^y chmmctphh x <-» 
u, £ 1 — £, OcTajibHbie cjiynan, onHcaHHbie b IlpefljiOKeHHH, flOKa3biBaiOTC5i 
aHajiorHMHO. IlpHBefleM coc-TBeTCTByioiHHe (paKTopH3au,HH. 

CjiyMafi y — > 0, £ — ► 1. 

T[y = 0, t = 1] = + a; — z)(— w + x + z)(w + x + z)(—u + x + 3z), 

= 0, t = 1, 2 = x + it] = — 8x 2 u(u + x)(2x + u) 7^ 0. 

(6.16) 

Cjiynaft z ^ 0, t — ► 1. 
T[|y = 0, £ = 1] = xit(?j + y — x)(x + u — y)(u + x + y)(—u + x + 3y), 
T z [?/ = 0, £ = 1, = x + u] = —8x 2 u(u + x)(2x + u) ^ 0. 

(6.17) 

Ilpefljio^KeHHe flOKa3aHO. ■ 

JleMMa 6.6. Ilepeoe yKopouenue mho2ohji6hq, T npu u = 1, x,y, z —> 7 
ecmt. 

T(x, y : z, 1, t) ~ x + 3yz. 

^OKasarejibCTBO. ripflMaa npoBepxa. ■ 

Cjie^CTBHe. Cjiynau V , Kozda Muootcecmeo V codepotcum mpu U3 uemupex 
napaMempoe x, y, z, u, Heeo3MootceH. 

IIpe,zi,jio:>KeHHe 6.7. CucmeMa (13.21 ) we UMeem ceMeiicme pemenuu c acuM- 
nmomuKaMU t — > ±1, £, r\ — ► 0, g^e £, 77 — ctea W3 uemupex napaMempoe x, 
y, z, u. 

9to npefljicc-KeHHe b HacT05nn,eft pa6oTe He flOKa3biBaeTC5i. 
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IIpHJKxaceHHe. Hyjin cpyHKijHH C3 fljia ueeunyKAUx CHMMeTpHHHbix 
neTfcipexyrojibHHKOB c nepneH/jHKyjiapHMMH flHaroHajiaMH 

OnKcnpyeM MacniTaG: z = 1. IIojiHafl CHCTeMa orpaHHneHHft ecTb 

u = x, t = 0, z = l. (A.l) 

IlpH 3THX yCJIOBHflX 

C 3 = 2x(a 2 + d 2 ) - 2(y + l)ad, 

h pau,HOHajiH30BaHHoe Bbipa»:eHHe R ( 15.31) (paKTopH3yeTC5i 

R = C 3 - (x(a 2 + d 2 ) + (2/ + l)ad) = 2(x 2 - 2/) P 4 (x, y), 

P 4 (x, y) = (3x 2 + 4x 4 ) + (1 + 2x 2 )?/ + (2 + 3x 2 )y 2 + ?/ 3 . 

IlpH — 1 < y < pau,HOHajiH3yioiii,HH MHOJKHTejib nojio>KHTejieH, nosTOMy 
MHOJKecTBa Hyjieft (pyHKUHH C3KA.I) h MHoronjieHa P 4 (x,z) npn ycjiOBHH 
— 1 < y < coBnaflaiOT. PenieHne c MaKCHMajibHbiM 3HaneHHeM x Haxo,o,HTC5i 
H3 CHCTeMbI ypaBHeHHH 

P(x, z) = 0, d z P = (3z + l)(z - 2x 2 - 1) = 0. 
PenieHHe c nojiOKHTejibHbiM x eflHHCTBeHHo: 

z = -1/3, x = ivW3-3 » 0.227083. 

O 

IlpH 9TOM 

a = b « 1.025459, c = d » 0.403334, p« 0.454167, q « 0.66667. 
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